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GLOBAL WELL-POSEDNESS OF STRONG SOLUTIONS TO A 
TROPICAL CLIMATE MODEL 

JINKAI LI AND EDRISS S. TITI 


Abstract. In this paper, we consider the Cauchy problem to the TROPICAL CLI¬ 
MATE MODEL derived by Frierson-Majda-Pauluis in 15], which is a coupled sys¬ 


tem of the barotropic and the first baroclinic modes of the velocity and the typical 
midtropospheric temperature. The system considered in this paper has viscosi¬ 
ties in the momentum equations, but no diffusivity in the temperature equation. 
We establish here the global well-posedness of strong solutions to this model. In 
proving the global existence of strong solutions, to overcome the difficulty caused 
by the absence of the diffusivity in the temperature equation, we introduce a new 
velocity w (called the pseudo baroclinic velocity), which has more regularities than 
the original baroclinic mode of the velocity. An auxiliary function <j>, which looks 
like the effective viscous flux for the compressible Navier-Stokes equations, is also 
introduced to obtain the L°° bound of the temperature. Regarding the uniqueness, 
we use the idea of performing suitable energy estimates at level one order lower 
than the natural basic energy estimates for the system. 


Dedicated to Professor Peter Lax on the occasion of his 90th birthday 


1. Introduction 


The primary mode of the flow in the tropics is in the first baroclinic mode, that is 
the winds in the lower troposphere are of equal magnitude but with opposite sign to 
those in the upper troposphere. In many studies of the tropical atmospheric dynam¬ 
ics dating back to Gill [l6| and Matsuno [27], the first baroclinic mode models were 
used. In these models, a typical midtropospheric temperature and the first baro¬ 
clinic mode velocity are involved. However, as indicated in Majda-Bicllo 26], for the 


study of the tropical-extratropical interactions, where the transport of momentum 
between the barotropic and the baroclinic mode is an important effect, it is neces¬ 
sary to retain both the barotropic and baroclinic modes of the velocity. Taking the 
tropical-extratropical interactions factor into consideration, Frierson-Majda-Pauluis 


15 ] introduced a Tropical Climate Model, which keeps both the barotropic and 
the first baroclinic modes of the unknowns. The system in [lBj was derived from 


Date: April 21, 2015. 

2010 Mathematics Subject Classification. 35D35, 76D03, 86A10. 

Key words and phrases, tropical atmospheric dynamics; primitive equations; global well- 
posedness. 


1 








2 


JINKAI LI AND EDRISS S. TITI 


the inviscid primitive equations by performing a Galerkin truncation up to the first 
baroclinic mode. 

In this paper, we consider the following Tropical Climate Model introduced 
by Frierson-Majda-Pauluis in |l5j]: 


d t u + (u ■ V)u — A u + Vp + div (v ® v) = 0, 
divu = 0, 

d t v + (u ■ V)v — Av + VO + (v ■ V)u = 0, 
d t 9 + u ■ V6 + div v = 0, 


(1.1) 

( 1 . 2 ) 

(1.3) 

(1.4) 


in R 2 , where the unknowns are the vector fields u = (u 1 ,!! 2 ), v = (v l ,v 2 ) and 
the scalar functions 6 and p. Here, u and v are the barotropic mode and the first 
baroclinic mode of the velocity, respectively, while 6 and p denote the temperature 
and the pressure, respectively. 

It should be pointed out that the original system derived in 
terms in fjl.lll 
system in 


15 has no viscous 


and (II. 3ft . in other words, the Laplacian terms are not involved in the 
15H : this is because it is derived from the inviscid primitive equations there. 


In this paper, we consider the viscous counterpart of the system in 15], i.e. system 


(1 1. If) — (| 1 .41) . which can be derived by the same argument from the viscous primitive 
equations (but without any diffusivity in the temperature equation). Recalling that 
system (1 1. 11) — (j 1 .41! is derived from the primitive equations, it is worth mentioning 
some mathematical results concerning the primitive equations, see, e.g., 0-0,11? 
0, J23L0, 2i and the references therein. On the one hand, based on the results 


in 00700, |23|-[25j], we know that, for the primitive equations with both full 
viscosities and full diffusivity, they have global weak solutions (but the uniqueness 
is still unknown), see 23-25], and have a unique global strong solution, see 00- 
19]. However, on the other hand, for the inviscid primitive equations, the results 
28| show that they may develop finite-time singularity in both 2D and 3D. 


m 


Comparing the global well-posedness results in (9. 17-19j]. for the primitive equations 
with both full viscosities and full diffusivity, and the finite-time blowup results in 
[|, 2 ^], f° r the inviscid primitive equations, it is a natural question to ask if the 
partial viscosities and partial diffusivity can guarantee the global well-posedness for 
the primitive equations. As indicated in |6|-|8j], the merely horizontal viscosity can 
guarantee the global well-posedness of strong solutions to the primitive equations, as 
long as one still has the horizontal or vertical diffusivity, in other words, the horizontal 
viscosity is more crucial than the vertical one for the primitive equations. However, to 
our best knowledge, it is still unknown if the global well-posedness of strong solutions 
continues to hold for the primitive equations with full or only horizontal viscosities 
but without any diffusivity, and actually, this is also one of the motivations that 
thrust us to consider system (PU]) COS) . 

The aim of this paper is to prove the global well-posedness of strong solutions to 
system (jl.ljl — (jl .4j) . We consider the Cauchy problem, and thus compliment it with 
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the following initial condition 

(u,v,9)\ t=0 = (uo,v o ,0 o ). (1.5) 

Throughout this paper, for r G [1, oo] and positive integer m, we use Z/(R 2 ) and 
H m (R 2 ) to denote the standard Lebessgue and Sobolev spaces on R 2 , respectively. 
For convenience, we always use ||/|| r to denote the Z/(R 2 ) norm of /. 

The main result of this paper is the following: 

Theorem 1.1. Suppose that (uo,vo,9o) G R^R 2 ), with divuo = 0 and 9 0 G L°°(R 2 ). 
Then, there is a unique global strong solution ( u,v,9 ) to system H 1. 1\) - [T^\ ) , subject 
to the initial condition tm, such that 

{u, v) G C([0, T]; H\R 2 )) D L 2 (0, T; R 2 (R 2 )), 

9 G C([0, T}- L 2 (R 2 )) n L°°(0, T- H\R 2 )), 

(d t u,d t v,d t 9) GL 2 (0,T;L 2 (R 2 )), 

9 G L°°(0, T; L°°(R 2 )), Vw G L\ 0, T; L°°(R 2 )), 
for any positive time T. 

Remark 1.1. (i) Without the condition that 9 0 G L°°(R 2 ), the same argument as 
in this paper still shows the global existence of strong solutions, which enjoy all the 
regularities in Theorem \l.l[ except that 9 G L°°(0, T; L°°(R 2 )). 

(ii) The condition that 9 0 G L°°(R 2 ) is only used to guarantee the uniqueness of 
the strong solutions. We believe that such condition can be dropped if we work in the 
Lagrange coordinate in the proof of the uniqueness part of Theorem li.it however, to 
make the idea clear, we assume this condition throughout this paper. 

The key issue to prove the global existence part of Theorem 11.11 is establishing the 
a priori L°°(0, T ; H l { M 2 )) estimate on ( u , v, 9), for any positive time T. One can not 
use the standard energy approach to system (ll.ip - (ll.4l) to obtain the desired a priori 
estimate, because of the absence of the smoothing effect for the temperature equation. 
Actually, if doing so, in view of the presence of V9 in (jl .3(1 . one has to establish the 
a priori L 2 (0, T; R 1 (M 2 )) estimate on 9\ however, since 9 satisfies a transport type 
equation, we have to appeal to the a priori L 1 (0,T; Lip( R 2 )) estimate on u, in other 
words, roughly speaking, one will end up with the following kind energy inequality: 

^||(u,u,6>)||^i + \\(u,v )\\ 2 H 2 < C'HValloollV6>||| + other terms, 

which does not provide the desired estimate. To overcome this difficulty, we introduce 
a new unknown w (we call it pseudo baroclinic velocity) as 

w := v + V(—A)-^, 

which has more regularities than the original baroclinic velocity v. Actually, w sat¬ 
isfies the following equation 

d t w + ( u ■ V)w — A w + (v ■ V)w + V(—A) _1 divu + F = 0, 
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with F — [77® 77, u]{6) being a commutator (see (13.81) . below) and 77 the Riesz trans¬ 
form. Thanks to the commutator estimates due to Coifman-Rochberg-Weiss jlll ]. 
we have F G L 2 (R 2 x (0, T)), and as a result, one can obtain the L°°(0, T ; /^(R 2 )) D 
L 2 (0,T; H 2 ( R 2 )) estimate on (u,w) as well as the L°°(0, T; L 4 (R 2 )) estimate on 6, see 
Proposition 13.31 below. With the a priori estimates mentioned above in hand, com¬ 
bining the standard H 1 energy inequality for 6 and a f-weighted H 2 energy inequality 
for ( u,w ), and applying a logarithmic type Gronwall inequality (see Lemma [2721 be¬ 
low), we can successfully achieve the L°°(0, T; H 1 { R 2 )) estimate on 9, see Proposition 
13.41 below. With the help of the previous a priori estimates, one can successfully con¬ 
trol the 12(0, T ; L°°(R 2 )) norm of (Va, 0), where 0 := div v — 6 (which looks like the 
effective viscous flux for the compressible Navier-Stokes equations), based on which, 
one can further control the L°°(R 2 x (0, T)) bound of 9. With the aid of these a priori 
estimates, it is then standard to obtain the global strong solutions. 

Regarding the uniqueness of the strong solutions, a usual way is to consider the 
difference equations between two solutions and then obtain some energy estimates 
for the resulting system of the difference at the level of the basic natural energy of 
the system. However, for system (1 1.1 [1 — 11 1 .41) . caused by the absence of the diffusivity 
term in the temperature equation, it does not seem to be suitable to perform the 
energy estimates at the level of the basic natural energy of the system to prove the 
uniqueness. Motivated by the works Larios-Lunasin-Titi 


20 and Li-Titi-Xin 


we perform the energy estimates at the level one order lower than the basic natural 
energy for the system, and successfully prove the uniqueness of the strong solutions 
established in Theorem 11.11 

The rest of this paper is arranged as follows: in the next section, section [2], we 
state some preliminary results which will be used in the following sections; in section 
El we prove the global existence of strong solutions, while the uniqueness is proved 
in the last section, section EJ 


2. Preliminaries 

The following lemma is about the commutator estimates, where the first inequality 
was proved in Coifman-Rochberg-Weiss JTlJ] (see Theorem 1 there), and the second 
one can be found in Feireisl-Novotny [l4j (see (10.107) there), which is in the spirit 
of Coifman-Meyer [l2|. 

Lemma 2.1 (Commutator estimates). Let 77 = (77i, 77o, • • • , TZn) be the Riesz trans¬ 
form on , and define the commutator 

[b, lZilZj\(f) := bTZiTZj(f) - R^fibf). 

Then, the following commutator estimates hold 

\\[b,lZilZj\(f)\\ LP ( R N) < C(N,p)[b] BMO ( R N' j \\f\\ LP ( R N'), p G (l,oo), 

and 

\\V[b,TZiTZj](f)\\LP(RN) < C(A^,p, g, r)|| V6|| L „( R jv)||/|| L r( R jv), 
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for any p,q,r G (l,oo), such that “ = “ + “■ Here, the semi-norm [4>]bmo(m. n ) 
defined by 

[4>\bmo{ bA) = sup 7 — / 10 - <j> B \ dx, 

B \H\ J B 

where (ps pj- Js^i^dx, and the supremum is taken over all balls in R N . 


The next lemma is a logarithmic type Gronwall inequality, which will be employed 
to establish the a priori H 1 estimate of the temperature, see Proposition 13.41 below. 
Notably, similar type Gronwall inequality can be found in Cao-Li-Titi Ta 0 and 
Li-Titi |2ll |. 


Lemma 2.2 (Logarithmic Gronwall inequality). Given a positive time T and a 
positive constant K. Let aft) and j3(t ) be two nonnegative functions such that 
a,/3 G L 1 ((0,T)). Let Aft ) and Bft) be integrable functions on (0 ,T), with Aft ) > 1 
and Bft ) > 0, such that A is absolutely continuous on (0, T) and continuous on [0, T). 
Suppose that, for any t G (0, T), we have 

A'ft) + Bft) < K{a{t ) + log B(t))A(t) + (3{t). (2.1) 

Then, 

sup A(s) + f B(s)ds < (2 Qft) + l)e®^, 

0<s<t J 0 

for all t G [0, T), where 

Qft) = (logAl(O) + A ||o;||ii((o,q) + ||^||i 1 ((o J t)) + 2A 2 t) e Kt . 

Proof. Dividing both sides of inequality (12.ip by Aft), and recalling that A > 1, we 
have 

(logA(t))' + < K ^a(t) + log+ log Aft)^ + Pft). 

One can easily verify that logr < 2y/r, for any r > 0, and thus it follows from the 
previous inequality and Young inequality that 

(log Aft))' + <K ^a(t) + + log A(f)^j + Pft) 

<I< log A(t) + Ka(t) + m + HT + 2/C, 

which implies 

(log A (t))' + ^nj < H log A(t) + Ka(t) + P(t) + 2K 2 . 

By the Gronwall inequality, the above inequality implies 

,OgA(t)+ / 0 MW* 
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<e Kt (logkl(O) + -K"IMUi((o,t)) + ||/51|z, 1 ((o,Tt)) +2A 2 t) —: Q(t), 
from which, we obtain 

m < e Q <‘>, f Ah* < 2 Q(t). 

Thanks to these estimates, and noticing that Q(t ) is increasing in t, we deduce 
sup A(s) + f B(s)ds = sup v4(s) + f ^ | A(s)ds 

o <s<t Jo o <s<t Jo A(s) 

< sup e Q(s) + [ ^!-e Q ( s) ds < e Q(t) (l + f Grids') < e Q(t \l + 2 Q(t)), 

o <s<t Jo kL(s) V Jo A i s ) J 

proving the conclusion. □ 


3. Global existence 

In this section, we establish the global existence of strong solutions to the Cauchy 
problem of system (ll.lMll.4jl . To this end, we introduce a regularized system by 
adding a diffusivity term to the temperature equation. The regularized system can 
be globally solved by standard approach. To obtain the global strong solution to 
the original system, the key issue is to establish some sufficiently high order a priori 
estimates on the solutions to the regularized system that are independent of the 
regularization parameter. 

The regularized system we use in this section is as follows 


d t u + ( u ■ V)w — A u + Vp + div (v <g) v) = 0, 

(3.1) 

divw = 0, 

(3.2) 

d t v + ( u ■ W)v — Av + W + ( v ■ V)m = 0, 

(3.3) 

d t 0 + u ■ V6 — eA6 + div v = 0, 

(3.4) 

where £ is a positive constant. 

For the regularized svstern (I3.1j) (I3.4D we have the following: global well-Dosedness 
result: 

Proposition 3.1. Suppose that (uo,v o ,0 o ) G // 2 (R 2 ), with divu 0 
is a unique qlobal strong solution (u.v.O) to sustem \°3.l\)-\3.4\), 

= 0. Then, there 
with initial data 


(uo,vo,0 o ), such that 

(«,,»,9) e C([0, oo); /C(K 2 )) n iL([0, oo); ff 3 (K 2 )). 

(d t u,d t v,d t 6) e Ll c ([0,co)\H'(R 2 )). 

Since the basic energy estimate for the strong solutions to system (I3.ip - fl3.4p will 
be used in the proof of the global existence part of Proposition 13.11 let us first state 
the basic energy estimate in the following: 
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Proposition 3.2 (Basic energy estimate). Let (u, v, 9) be a strong solution to system 
\3. on the interval [0, T) with initial data (u 0 ,v 0 ,9 0 ) £ H 2 (M?). Then, we 

have the following, uniform in time, energy estimate 

\\(u,v,6)\\l(t) + 2 f ||(Vu, Vv, v^V0)||2(s)ds = ||(^ 0 , -u 0 , 6»o)||l, 

Jo 

for all t £ [0, T). 

Proof. Thanks to the regularity of strong solutions, we can take the L 2 (R 2 ) inner 
product to equations (13.111 . (13.31) and (j3.4[) with u,v and 9 , respectively, summing the 
resultants up and integration by parts, we have 

— II(m,u,0)|| 2 + ||(Vu,Vu,v / e0)||l = 0, for all t £ (0,T), 

from which the conclusion of the proposition follows by integrating with respect to 

t. ^ □ 

Now, let’s give the proof of Proposition 13.11 

Proof of Proposition \3.1\ Local existence and uniqueness of strong solutions to 
system (I3.ip - fl3.4p . with initial data (uo,i’o,9 0 ), can be proven in the standard way: 
given a positive time T, for any (■ u,v,9) £ L 2 (0,T; H 3 ) D G([0,T]; H 2 ), there is 
a unique solution (U, V, 0) £ L 2 (0,T;H 3 ) D C([0, T]; H 2 ), with (d t u,d t v,d t 9) £ 
L 2 (0, T; H 1 (R 2 )), to the following linear system 

d t U — A U + VP = — (u ■ V)m — div (v <g) v), 
div U = 0, 

d t V -AV = -{u ■ V)v -V9-(v V)u, 
d t Q — eAQ = — u ■ X79 — divu, 

defined on M 2 x (0, T), subject to the initial data (woAlb^o)- By standard en¬ 
ergy estimates, one can show that the solution map to the above linear system, 
3ft : (u, v , 9) —>■ (U, V, 0), is a contraction map from P 2 (0, T; H 3 ) D C([0, T]; H 2 ) into 
itself, for sufficiently small positive time T, depending only on (uo,Vo,9o), and thus, 
by the contraction map principle, there is a unique fixed point (u, v, 9) to the solution 
map 3ft, which is the unique local strong solution to system (13. IMIS. ID . with initial 
data (u 0 ,v 0 ,9 0 ). The proof is lengthy but standard, and thus it is omitted here. 

Now, we prove the global existence of strong solutions. Let T* > 0 be the maximal 
existence time of the unique strong solution (u, v, 9) to system (I3.ip - (I3.4I) . with initial 
data (u 0 ,v 0 ,9 0 ). We need to show that T* = oo. Suppose, by contradiction, that 
T* < oo. Applying the operator V to (13.10 . (13.3p and (13.41) . and taking the L 2 (R 2 ) 
inner product to the resultants with —VA u, —VAv and —VA 9, respectively, then it 
follows from integration by parts and the Cauchy-Schwarz inequality that 

~|| (A«, An, AP) ||| + || (VA u, VAu, ^VAd) || 2 
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<C [ [(|n| + |n|)(|V 2 n| + |V 2 n| + |V 2 6 >|) + |Vn | 2 + |Vn | 2 + |W | 2 
Jr 2 

+ |V 2 6 >| + |V 2 n|](|VAn| + | VAn| + \VA9\)dx =: /, 

for all t G (0, T*). By the Holder, Ladyzhenskaya and Young inequalities, the quantity 
/ can be estimated as follows 


I <C(\\ (n, v) || 4 || (V 2 n, V 2 n, V 2 0) || 4 + || (V«, Vn, VO) || 2 
+ II (An, A#) || 2 ) || (VAn, VAn, VA0)|| 2 

<C (|| (u, v) ||11| CVn, Vv) HI || (An, An, A0) ||| || (VAn, VAn, V AO) ||| 

+ II (An, A6*)|| 2 + ||(Vn, Vn, V0)|| 2 ||(An, An, A0)|| 2 )||(VAn, VAn, VA0)|| 2 

<i||(VAn,VAn,^VA0)|| 2 + C £ (l + ||(n,n)|| 2 ||(Vn,Vn)|| 2 
+ ||(Vn, Vu, V6>)|| 2 )||(An, An, A0) |||, 
for all t G (0, T*). Therefore, we have 

j t || (An, An, AO) || 2 + || (VAn, VAn, Ad) || 2 

<C £ (l + ||(n,n)|| 2 ||(Vn,Vn)|| 2 + ||(Vn,Vn,V0)|| 2 )||(An,An,A0)|| 2 , 


from which, by the Gronwall inequality, and using the basic energy identity for the 
solutions to system fj3.1|) - (j3.4jl . i.e. Proposition 13.21 with T = T*, one arrives at 


sup || (An, An, A0 )|| 2 + / ||(VAn, VAn, y/eV A0)\\lds 


o <s<t 


< e Ce/ o t (i+ll(MIIIII(v«,v^)||l+||(v u ,v^v0)||l)d S ||(- AMO) A ^ A6q 
< e c e (t+||( U o,«o,Oo)|||+||( U o,«o,Oo)||^)||( A n 0 , Av 0 , A 6 > 0 )|||, 


for every t G (0, T*). Thanks to the above estimate and using Proposition 13.21 with 
T = T*, it follows from the elliptic estimates that 

rT* 

sup || (u,v,0) 11^2 + / ||(Vn,Vn,V 6 >)\\ 2 H2 ds < C e < oo, 

0 <t<T* Jo 

for some positive constant C £ depending only on e and the initial norm || (no, no, 0 o ) \\h 2 - 
As a result, one can extend the strong solution (u,v,0) beyond the time T*, which 
contradicts to the definition of T*. This contradiction implies that T* = oo, and 
consequently, we obtain a global strong solution. This completes the proof. □ 


We will establish several uniform in e estimates on the unique strong solution 
(■ u,v,0 ) to system (13.1j) - (13.4[) . with initial data (no, no, 0 o ) G H 2 (R 2 ). Since the L 2 
type estimate has been included in Proposition 13.21 (which by the above proof is 
now valid for T = oo), let us continue with the H 1 type estimates. As explained 












GLOBAL WELL-POSEDNESS OF A TROPICAL CLIMATE MODEL 


9 


in the introduction, due to the absence of the diffusivity term in the temperature 
equation, one can not establish the H 1 estimates on (u, v , 9) in the standard way, in 
other words, one can not obtain the desired estimates by just tying to multiply the 
equations by (—Au,—Av,—A6). To obtain the desired H 1 estimate, we introduce 
some auxiliary functions. Let’s define the function 

$ = (d) 1 ,$ 2 ) = V(-A)- 1 0, 

in other words, <f>j is the unique solution to 

- = did, i — 1,2. (3.5) 

Applying the operator V(—A) -1 to equation (13.4p yields 

d t $ + (u ■ V)<f> — eA<f> + V(—A) _1 divu + F = 0, (3.6) 

where F = (F\, F 2 ) is given by 

F = V(-A)“ 1 (w VO) - (u- V)<1>. (3.7) 

Recalling that clivu = 0, one may calculate 

Ft =di(-A )- 1 div (u0) - wV$ 8 = d i {-A)~ 1 dj{vP0) - u j d j d i (-A)~ l 0 

=n i n j {u i o) - u j n{Fj{e) = \r,h 3 ,u j }( 9 ), i = 1 , 2 , ( 3 . 8 ) 

where 1Z = (77i,77 2 ) = V(—A)5 is the Riesz transform, and \R,,{TL 3 , v?] is the com¬ 
mutator operator defined by 

n;n. J .>F{f) = n,n 3 (u j f) - u^n 3 {f). 

Recalling the definition of <h, i.e. (13.511 . one can rewrite equation (13. 3 p as 
d t v + (u ■ V)u — A (v + <f>) + (v ■ V)w = 0. 

Multiplying equation (13.6f) by yzi, assuming e E (0,1), summing the resultant with 
the above equation, and introducing a new velocity w, which is called pseudo baro- 
clinic velocity, as 

w = v + -—-, (3.9) 

then w satisfies 

d t w + (u ■ V)u> — Aw + (v ■ V)u + y~ —(V(—A)^ 1 divu + F) — 0, (3.10) 

where F is the function defined by (j3.7jl - (13.8p . 

It turns out that the H 1 estimate for 6 depends on that for ( u,w ). Thus, we work 
on the H 1 estimate for ( u,w ) first, and one has the following proposition. 
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Proposition 3.3 ( H 1 of the velocity). Let (u, v, 9) be the unique global strong solution 
to system l\3.1\) - \3.4\) , with initial data (u 0 , v 0 , 9 0 ) e H 2 ( M 2 ). Let £ G (0, |) and w be 
the function defined by (13. .9)) . Then, we have the following estimate, for allt e [0, oo), 

sup (||(Vw, Vxo)||| + ||0||D(s) + [ \\{Au,Aw,d t u,d t w)\\l(s)ds < Si(t), 

0<s<t J o 

where S\ it) is an explicit nondecreasing continuous function on [0, oo) ; which depends 
only on the initial norm ||(wo>' y o)||,R 1 + ll^olh + ll^olU? a continuous manner, and 
is independent of e. 

Proof. Define the functions /i and / 2 as 

fi — (u- V)w + (v ■ V)u + - - ~ (V(—A)~ 1 divu + F), 

/ 2 = (u • V)u + div(u ® v), 

where F is the function given by fl3.7H - fl3.8D . With the notations fi,i = 1,2, one can 
rewrite equations (13.ID and (I3.10D as 

d t u — Au + Vp + f '2 — 0, (3-11) 

d t w — Aw + fi = 0. (3.12) 

By the elliptic estimates and the commutator estimates (Lemma 12. ID . one has 
||V(-A)- 1 divu || 2 < C\\v\\ 2 , ||F || 2 < C[u} BMO (m?)\\9\\ 2 < C||V«|| 2 ||0|| 2 , 

here, we have used the fact that [u]bmo{ k 2 ) A C'||Vm || 2 (see, e.g., section 5.8 of 
0 ). Thanks to these estimates, by the Holder, Ladyzhenskaya and Cauchy-Schwarz 
inequalities, we have 

\\fi\\l< J {\u\ 2 \Vw\ 2 + |u| 2 |Vu | 2 + 4|V(—A) _ 1 divu | 2 + A\F\ 2 )dx 

—11^ II 4 II Vie || 4 + |M|2||V«||2 + C(\\v\\l + ||V«||1||(9||1) 
<C7(||«H2||V«;|| 2 ||A «;|| 2 + ||v||2ll Vt*|| 2 ||At *|| 2 + || v ||jj + \\Vu\\l\\9\\l) 

<||| (At*, Aw) ||i + C7|| («, w) Htll (V«, Vw) Hi 

+ C'(l+||V«||l)(||t;||l+||(9||l). (3.13) 

Recalling the definitions of <f> and w, i.e. (13.5D and (13.91) . by the elliptic estimates 
and the Ladyzhenskaya inequality, one has 

II Vu || 4 < \\Vw\U + 2 1|VH>|| 4 < C(||VHII||Au;||| + ||0|| 4 ). (3.14) 

Using (13.141) , it follows from the Holder, Ladyzhenskaya and Cauchy inequalities that 
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<(ll«ll2l|V«||2 + 4||t;||2||Vt7||2) < 4||(ti,t;)||2||(Vti, Vt;)||2 
<C||Kt)|| 2(||V M || 2 ||A m || 2 + ||V W || 2 ||A W || 2 + ||0||2) 

<|||(Ati, A^lli + ^H- ||(t*,t;)||l)(||(Vt*, V«7)||i+ ||(9||2). (3.15) 


Taking the L 2 inner products to equations (13.111) and (13.121) with d t u—Au and d t w— 
Aw, respectively, and summing the resultants up, then it follows from integration by 
parts and the Cauchy-Schwarz inequality that 

^-||(Vu, Vic) ||| + \\(Au,Aw,d t u,d t w)\\l 

= - f [fi- (d t w - Aw) + f 2 (d t u - Au)]dx 
Jr 2 

<j(ll A«||| + \\d t u\\l + ||Aw||I + \\d t w\\l) + 2(||/ 1 ||1 + ||/ 2 ||1) 

<1||(A«, Aw, d t u,d t w)\\l + C(1 + ||V«||1)(||«||| + ||0||S 
+ C( 1 +1|(«, «)||1)(||(V«, V»)||l + liens. (3.16) 


Multiplying equation (13.41) by \0\ 2 9, and integrating over K 2 , then it follows from 
integration by parts, (13.14)1 and the Young inequality that 


~\\e\\i + 3e Jje\ 2 \ve\ 2 dx 

= — f divv\9\ 2 9dx < ||Vn|| 4 ||( 

Jr 2 

<c(||vHlfl|AHII + l|0|| 4 


3 

4 


which implies 

4||e||i < c(||v»|||||A«,||| + ||e|| 4 )||«|| 4 < 1||A<»||I + c(||VHli + Ml), 

where, in the last step, the Young inequality has been used. 

Adding the above inequality with (13.161) up, and using the Ladyzhenskaya inequal¬ 
ity, one obtains 

^(||(V«,Vw)||^ + ||*||2) + ^\\(Au,Aw,d t u,d t w)\\l 

<C( 1 + ||(«,t;)||2)(||(V«, Vlc)|| 1 + ||*||2) + C(1 + || Vxt|||) || (v, *) 111 
<C7(1 + II («, v) Hill (V«, Vv) III) (II (V«, V«7) 111 -h 11*112) 

+ C'(l + ||V«||2)||(t;,*)||2, 


from which, integrating in t and using Proposition 13.21 the conclusion follows. □ 
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Now, we can work on the H 1 estimate on 6. As shown in the following proposition, 
a t-weight higher order estimates on (v, w) are also involved. 

Proposition 3.4 ( H 1 of the temperature). Let ( u,v,9) be the unique global strong 
solution to system \3. l\) - \3.f\) , with initial data (uo,vq,9 0 ) G H 2 (R 2 ). Let e G (0, 1) 
and w be the function defined by H3.9\) . Then, we have the followmg estimate, for all 
t G [0, oo), 

sup (||V 6 »|||(s) + s||(Au, Aw) ||l(s)) + [ (e||ZN 6 >||| + s||(||VAit, VAw)\\ 2 2 )ds < S 2 (t), 

0<s<t J o 

where S 2 (t) is an explicit nondecreasing continuous function on [ 0 ,oo), depending 
only on the initial norm ||(uo, v o, ^o)||r 1 ; i n o continuous manner, and is independent 
of e. 


Proof. Applying the operator V to equation (13.ip . multiplying the resultant by — VA u, 
and integrating over M 2 , then it follows from integration by parts, the Holder and 
Cauchy-Schwarz inequalities that 

\ d I* 

— — 1| Au\\\ + || VAm ||2 = / V[(w ■ V)u + div (v <g) n)] : WAudx 
2 dt " J R 2 

< I (|'u||V 2 n| + |Vw | 2 + 2|v||V 2 u| + 2|Vu| 2 )|VA'u|chc 
Jr 2 

< 2 (||m|| 00 ||Am || 2 + 11^ || oo || At; || 2 + || Vn || 2 + || Vu|| 4 )|| VAw || 2 
<5l|VAu||| + 2(||(«, B )||L||(A«,A v )|||+||(V«,V»)lll)- (3.17) 

By the elliptic estimate and the commutator estimate (Lemma 12.11) . one has 

||V 2 (—A)~ 1 divn || 2 + ||VF || 2 < C'(||Vn || 2 + ||Vu|| 4 ||0|| 4 ). (3.18) 


Applying the operator V to equation (13.101) . multiplying the resultant by — VA w, 
and integrating over K 2 , then it follows from integration by parts, (13.181) and the 
Holder and Young inequalities that 


12||a«,||! + I|va«,|I! 


= / v 


(u ■ V)w + (v ■ V)w + -(V(—A) di vv + F) 


1 — £ 

<[||w|| 00 ||A-u ;|| 2 + || Vtt|| 4 || Vw || 4 + IMIooll Am || 2 
+ ||Vn|| 4 ||Vw || 4 + C(|| Vn || 2 + ||Vu|| 4 ||0|| 4 )]|| VAin || 2 


<l||VA»||l + C(||(«,»)||L||(A«,A m )||^ 
+ ||(Vu,V«,Vm,#)||J+||V«||S. 


: V Awdx 
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Adding (13.1711 with the above inequality up, and multiplying the resultant by t, then 

^(t||(Au, Au;)|| 2 ) + t||(VAu, VAm;)|| 2 

<Ct\\(u, v) H^oll (Am, Am, Aw)\\l + C(t\\X7v\\ 2 2 
+ £||(Vm, Vm, Vw, 9 )HI + ||(Aw, Aw)|||). (3.19) 


Taking the L 2 (M 2 ) inner product to equation (13.4p with 
integration by parts and the Young inequality that 

1 d 


-A9, then it follows from 


2 dt 


||W|| 2 + £||Ad|| 2 = / (u- V9 + divv) ■ A6dx 


= - / (d iU - W9di9 + Vdivu- V0)dx < ||Vu||< 


,||V0||l + -(||At;||l + ||V6?||l). 


The above inequality implies 

|||V0|| 1 + *||A#||| < (2||V«|U + 1)||V9||1 + IIA^IIl. 
which, combined with (13. 19j) . yields 

|(l|V«||i + «||(Au, A«,)l® + i||(VA«, VA«;)||| + E ||A«||| 

<C , (II(«.«)IIL + IIV«|U + l)(l|Ve||l + i||(A«, Av, Au,)l© 

+ C(t\\ (Vm, Vm, Vtc)||| + t||Vv||l + || (Am, Am, Aiu)|||). (3.20) 

Recalling the definitions of $ and w, i.e. (13.511 and (13.911 . one has 

||Am|| 2 < ||Am;|| 2 + 2||W|| 2 , (3.21) 

and furthermore, by the elliptic estimates, we have 

IIVm|| 4 < ||Vu;|| 4 + 2||V$|| 4 < C'(||Vm;|| 4 + ||0|| 4 ). (3.22) 

Thanks to (13.2111 and (I3.22p . and denoting 

A(t) =||V6*|| 2 (f) + 11| (Am, Au;)||!(t) + 1, 

B{t) =A(t ) + t||(VAu, VAu,)|| 2 (f) + e\\A6\\l(t) + e, 
it follows from (13.2011 that 

A'(t) + B(t) < C{t + 1)(||(m,m)||^ 0 + HVmHoo + l)A(t) + Cg(t ), (3.23) 

where 

gif) = (t + 1)(||(Vm, Vw,0)||4 + ||(Vm, Am, Am;)|| 2 ). 

We need to evaluate the coefficients in front of A(t) in (13.2311 . so that one can apply 
the logarithmic type Gronwall inequality (Lemma [272]) to obtain the conclusion. First, 
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by the Gagliardo-Nirenberg and Ladyzhenskaya inequalities, (13.221) and the Young 
inequality, one can deduce 


OyOIL <C'(IMI2||Am|| 2 + ||u|| 2 3 ||Vu||1 


<c 

<c 


|u|| 2 ||Au|| 2 + 11^HI (||Vin|| 4 + ||0|| 4 ) 


Mhll Aw|| 2 + ||u|| 2 3 (|| Vw||| || Aw|| 2 2 + ||0|| 4 


<C(\\(Au,Aw,Vw,u,v)\\l + 


ID- 


(3.24) 


Next, noticing that 

log(e + ||Vw||l + ||VA«|||) < log [(1 + l/t) (1 + || Vn||!)(e + t||VA^||D] 

< log [(1 + l/t) (1 + || Vu|| 2 )] + log(e + f|| VAuHa) 
<log [(1 + l/t) (1 + ||Vu||D] +log£(t), 

by the two-dimensional Brezis-Gallouate-Wainger inequality of the form (see fli) 
||/||l°°(R 2 ) < C , (||/||^ 1 (R 2 ) + 1) log 2 (e + ||/||i/ 2 ( R 2 )), 

one has 

HVwlloo <C{ 1 + ||- Vu\\ H i) log5( e + || Vu\\ 2 h2 ) 

<C( 1 + || V«|| H i) log^(e + ||Vn || 2 + ||VAw||!) 

<C(1 + \\Vu\\ H i) {logi [(1 + l/t) (1 + ||Vw||D] + log^ 5(f)} . (3.25) 

Thanks to the estimates (I3.24p and (13.2511 . it follows from (j3.23j) and the Young 
inequality that 

A'(t) + 5(f) <C(t + 1) }(1 + || V'u||tfi) log 2 B(t ) + m(t)} A(t) + Cg(t) 

<C[(t + l)m(f) + (f + 1) 2 (1 + || V it || ^-i ) + log B{t)\A{t) + Cg(t), 
where the function m is given by 

m(t) = \\{Au,Aw,X7w,u,v)\\l+ ||0|| 4 + (1 + ||Vu|| H i) log^ [(1 + 1/f) (1 + ||Vw|| 2 )] • 

By Propositions 13.2143731 one can easily check that (f + l)m(t) + (f + 1) 2 (1 + ||Vm||#i) 
and g(t) are integrable in f; moreover, for any positive time T, the L 1 ((0,T)) norm 
of each of them depends only on T and the initial norm ||(w 0 , Vo, 5o) IIi ^ 1 - Therefore, 
by the logarithmic Gronwall inequality (Lemma 12 . 21 ) . the conclusion follows. □ 


As a corollary of Propositions I3.3H3.41 we can achieve the Lipschitz estimate on u, 
that is, the following: 
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Corollary 3.1. Let (u,v,8) be the unique global strong solution to system US. 1) - 
0- for e G (0, |) , with initial data ( u 0 ,v 0 ,9 0 ) G H 2 (R 2 ). Then, we have, for all 
t G [0, oo), 

[ WVuW^dsKCt^-su^skt), 

do 

for an absolute positive constant C, independent of e, where S\(t) and S’ 2 (t) are the 
same functions as those in Proposition \3.3\ and Proposition \3.f\ respectively. 


Proof. By the aid of the Gagliardo-Nirenberg and Holder inequalities, it follows from 
Propositions I3.3H3.4I that 



proving the conclusion. □ 


We will prove the L°° estimate on 6. To this end, we first introduce another 
auxiliary function 

g 

(/> := divu —--. (3.26) 

We would like to point out that 0 looks like the effective viscous flux for the com¬ 
pressible Navier-Stokes equations. Applying the operator div to equation (13.31) yields 

<9 f divu + u ■ Vdivu — A(divu — 6) + 2<9* u ■ Wv l = 0. 

Multiplying equation (13.4[) by and subtracting the resultant from the above 
equation, one obtains the following equation for 0 

div v 

d t <f + u ■ V0 — A0 + 2 dpi ■ W — - -= 0 . (3.27) 

We state and prove the required estimates on 0 in the following proposition. 


Proposition 3.5. Let ( u,v,6 ) be the unique global strong solution to system H3.1\) - 
with initial data (uo,vo,0 o ) e Let £ G (0, -)) and 0 be given by H3.26\) . 

Then, we have the following estimate, for all t G [0, oo), 

||0||oo(s)ds < S 3 (t), 

where S 3 {t ) is an explicit nondecreasing continuous function on [0, oo), which depends 
only on the initial norm ||(mo, W, ^o)||n 1 ; in o, continuous manner, and is independent 
of e. 
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Proof. Taking the L 2 (K 2 ) product to equation (13.271) with — A0, then it follows from 
the Holder, Ladyzhenskaya and Young inequalities that 

1|V0||2 + ||A0|| 2 = / (u ■ V0 + 2diU ■ VY — (1 — e^dwi^Afdx 
Zat ~ J R 2 

<2(||«|| 4 ||V^||4 + || Vu|| 4 || Vu|| 4 + ||Vu|| 2 )||A0|| 2 
<C(||n|| 4 ||V0|||||A0||I + || Vu|| 4 || V'c|| 4 + ||Vu|| 2 )||A0|| 2 
<i||A^||i + C(||«||J||V0||l+||(V«.VB)||l+||V«||!), 

and thus 

A||v^iii + ||A0||! < c'(ii«niiiv0iii + n(v«, v«)iu+iivwiii). 

Multiplying both sides of the above inequality by t, one has 

f t (t llV^lli) + f||A^||i < C(i||«||J + l)||V*||i + Ct(||(V«, V«)||J + IIVwlll). (3.28) 

Recalling the dehnitions of $,w and f>, i.e., (13.51) . (13.91) and (13.261) . it follows from 
the elliptic estimate that 

IHI 2 = ||div w - (1 - £ )-Miv$ - (1 - ey^Wl < C(\\Vw\\l + ||0||ij), (3.29) 

and 

IIV0H1 = ||V(div w - (1 - £) _1 div$ - (1 - e)-^ < C(||Am|| 2 + ||W|| 2 ). 

Thanks to the above estimates, and recalling (13.221) . it follows from (13.28[) and the 
Ladyzhenskaya inequality that 

^(^I|V0||1) + t||A^||l <(^(^11^111 + 1)||(A^, V6>)||1 + CTdKV^, V^, 0)||1 +||Vu||i) 

<C7(t||«||l||Vt*||i + 1)||(A«7, V0)||1 + C-tdlVwlll 
+ ll^lll + II (Vn, Vxd) Hill (A^, Ain) || 2 ), 

from which, integrating in t and using Propositions I3.2H3.41 one arrives at 

sup (s||V0||!(s)) + [ s||A0|||(s)ds < Qi(t), (3.30) 

0<s<t J 0 

where Qi(t) is a continuously increasing function on [0, 00 ), which depends only 
on the initial norm ||(w 0 , Vq, 6 * 0 )Hi)/ 1 • Therefore, recalling (13.291) . it follows from the 
Gagliardo-Nirenberg and Holder inequalities that 
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<CUQl(t) sup (||Vw|| 2 +||0|| 2 )* 

0 <s<t 

<Ct*Q*(t)(S*(t) + ||Kvo,0o)|||) =: S 3 (t), 

proving the conclusion. □ 


We can now get the L°° bound of 9. 

Proposition 3.6 (L°° of the temperature). Let (u, v, 9) be the unique strong solution 
to system \3.1\) - \3.$ , £ G (0, |), with initial data (u 0 ,v 0 ,9 0 ) G H 2 (R 2 ). Then, we 
have the following estimate, for all t G [0, oo), 

sup || 0 ||LO) < Si(t), 

0 <s<t 

where S±(t) is a explicit nondecreasing continuous function on [0,oo), which depends 
only on the initial 7iorm ||(i*o, Vo, 00 ) 11 #! + ||0o||oo, in the continuous manner, and is 
independent of e. 

Proof. Note that equation (13. 4 p can be rewritten as 

d t 9 + u ■ V0 - eA9 + — — + 0 = 0 . 

1 — £ 

t 

Introducing 0 = e^O, then it satisfies 

d t Q + u ■ V@ — eA0 + e~(f = 0. 

Define another function A as 

A = 0 - ||0 o ||oo - [ e T =^\\(j)\\ 00 (s)ds, 

Jo 

then one obtains 

d t A + u ■ VA — eAA =d t Q — e T:r 7||0|| oo (t) + u ■ V0 — eAQ 
= - e^|| 0 ||o 0 (t) - e?=t<j>(x,t) < 0. 

Multiplying the above equation by A + = max{A,0}, integrating the resultant over 
M 2 , then it follows from integration by parts that 

|A||A+|j| H-^HVA+lll < 0, 

from which, noticing that A + | t=0 = 0 , one obtains ||A + |||(t) < ||A + || 2 ( 0 ) = 0 , and 
thus A + = 0. Therefore, recalling the definitions of 0 and A, we have 

e^9 - ||0 o ||oo - / e^|| 0 || oo (s)ds < 0 , 

Jo 
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which implies 


6 < e 



Similarly, by considering —9, the same argument as above yields 


9 < Halloo 


+ [ |MU(s)ds. 


Jo 


Combining the above two inequalities and using Proposition 13.51 we obtain the con¬ 


clusion. 


□ 


On account of Propositions I3.2H3.6I and Corollary 13.11 we can get the a priori 
estimates stated in the following corollary. 

Corollary 3.2. Let ( u , v, 6) be the unique global strong solution to system \3.l\) - \3.$ , 
£ G (0, J), with initial data (u 0 ,v 0 , $o) £ Lf 2 (K 2 ). Then, we have, for all t G [0, oo), 



where S is an explicit nondecreasing continuous function on [0, oo), depending only 
on the initial norm || (wo, ^o)|| a/ 1 + ||$o||oo ? in the continuous manner, and is inde¬ 
pendent of e. 

Proof. Recalling the definitions of $ and w, i.e. (13.51) and (13.91) . it follows from the 
elliptic estimates that 


IIAt ;|| 2 < ||Aw || 2 + 2||A $|| 2 = || Aw\\ 2 + 2||V0|| 2 , 
||Vv || 2 < llVivlla + 2|| V<f >|| 2 < ||Via || 2 + C||0|| 2 . 


Using (13.31) . it follows from the Holder, Ladyzhenskaya and Young inequality that 


\\d t v\\l <C(||An|| 2 + ||V6?||| + ||(ti • V)n|| 2 + ||(t, • V)n|| 2 ) 

<C(||An|| 2 + ||V0|| 2 + ||n|| 2 ||Vn|| 2 + ||n|| 2 ||Vn|| 2 ) 

<C(||An|| 2 + || V6?||| + ||ti|| 2 ||Vti|| 2 ||Vv|| 2 ||Av|| 2 + |M| 2 ||Vt;|| 2 ||Vti|| 2 ||Au|| 2 ) 
<C[||An|| 2 + ||Au|| 2 + ||Vf?||| + (||n|| 2 + ||u||^)|| Vn|| 2 || Vn|| 2 ]. 


Therefore, by Propositions I3.2H3.41 we have 
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+ c f sup iKMimivtiin) twvvwIds 

\ 0 <s<t ) JO 

^C'dKwo.uo, 6o)\\l + Si(t)) + Cts 2 (t) + c\\(u 0 ,v 0 , <9 0 )llt^i(^)- (3.31) 

By equation (I3.4j) . and using the Gagliardo-Nirenberg inequality, one has 

WWl <C(\\u ■ W|| 2 + £ 2 ||A0|| 2 + ||Vu|| 2 ) < C{\\u\U v^Hl + £ 2 ||A0|| 2 + ||Vu|| 2 ) 
<C(||n|| 2 ||An|| 2 ||V0|| 2 + £ 2 ||A0|| 2 + ||Vn|| 2 ). 


Thus, it follows from Propositions I3.2ti3.4l and the Holder inequality that 


||<9t6>|| 2 (is <C sup ||W|| 2 

0<s<i 


|u|| 2 ||Au|| 2 ds + C / (e 2 \\A9\\1 + WVvWDds 


<CS 2 (t) 


|«|| 2 <is 


<CS 2 (t)Sl (f)f 2 1| (n 0 , v 0 , 0 o )|| 2 + C(f|| ( u 0 , v 0 ,9 0 )\\l + S 2 (t)). 


||An|| 2 cfe +C(tUuo,vo,9o)\\ 2 2 + S 2 (t)) 


(3.32) 


Combining (13.311) with (13.321) . by Propositions I3.21 - 1T61 and Corollary 13.11 the conclu¬ 
sion follows. □ 


With the a priori estimate, i.e. Corollary 13.21 we can now give the proof of global 
existence of strong solutions to system (11. ljl — (jl.4j) . with H 1 initial data as follows. 

Proof of the global existence part of Theorem 14.41 Choose a sequence of ini¬ 
tial data (uo £ ,vo £ ,9oe) G H 2 (R 2 ), with divu 0 £ = 0, such that 

(u 0£ ,voe,9oe) -» (u 0 ,v 0 ,9 0 ), in H\R 2 ), as £ —^ 0, 

IIMoo ^ Halloo and \\{u 0£ ,v 0£ ,9o £ )\\m < IK^oWo, 9 0 )\\m- 

By Proposition 13.II and Corollary 13.21 for each e G (0, |), there is a unique global 
strong solution (u £ ,v £ ,9 £ ) to system (13.II) — (I3.4H . with initial data (u 0£ ,v 0£ , 9 0e ), satis¬ 
fying 

sup (||(u e , v s , 9 £ )\\ 2 h i + + [ (||Vu e ||oo 

0 <t<T Jo 

+ \\(Au £ ,Av £ ,d t u £ ,d t v £ ,d t 9 £ )\\l)dt < S(T), (3.33) 

for a positive constant S depending only on T and ||(u 0 , Vq, # 0 )||ffi + ll^olloo, hi a 
continuous manner, and is independent of e. 

Thanks to the above estimates, there is a subsequence depending on T, still denoted 
by (u £ ,v £ , 9 £ ), and ( u,v,9 ), such that 

(u £ ,v £ ,9 £ ) A ( u ,v,e), in L°°(0, T ; i/ 1 (M 2 )), (3.34) 

(u £ ,v £ ) - (u,v), in L 2 (0,T;i4 2 (M 2 )), (3.35) 

(d t u £ ,d t v e ,d t 9 E ) (d t u, d t v,d t 9), in L 2 (0, T; L 2 (M 2 )), (3.36) 
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where —*■ and —*■ denote the weak and weak-* convergences, respectively. Moreover, 
for any positive integer k, by the Aubin-Lions lemma, there is a subsequence depend¬ 
ing on T and k, still denoted by (u e ,v e ,9 e ), such that 

(u £ , v e , e £ ) -A (u, v, 9 ), in L 2 (0, T; H\B k )) n C([0, T\-L 2 (B k )), 

where B k denotes the ball in M 2 of radius k and centered at the origin. Using the 
Cantor diagonal argument in e and k, there is a subsequence depending on T, still 
denoted by (u e ,v £ ,9 £ ), such that 

(u £ ,v £ ,9 £ ) -A (u,v,9), in L 2 (0,T ] H\B R ))nC([0 1 T} ] L 2 (B R )), (3.37) 

for any positive R. 

Note that the convergent subsequences in (13.341)) 113.371) may depend on T. How¬ 
ever, by choosing {T m }™ =1 , with T m —* oo, one can use again the Cantor diagonal 
argument in m and e to show that the subsequences in (]3.34jl — (j3.37h can be chosen 
independent of T. Therefore, without loss of generality, we assume that (13.34 j) - (j3.37j) 
is satisfied for any positive T and R. Thanks to these convergences, one can take the 
limit e —> 0,i.e. for the corresponding subsequence of £, to show that ( u,v,9 ) is a 
global strong solution to system (jl.ljjMjl.4p . with initial data (u 0 ,v 0 ,9 0 ). Moreover, 
by the weakly lower semi-continuity of the norms, we have the following regularities 
on (u, v, 9): 

(u, v, 9) G L°°( 0, T; H\R 2 )), (u, v ) G L 2 (0, T; H 2 (R 2 )), 
(d t u,d t v,d t 9) GL 2 (0,T;L 2 (M 2 )), 
for every T > 0. Noticing that 

X := {/ G L 2 (0, T; H 2 (R 2 ))\d t f G L 2 (0,T; L 2 (R 2 ))} ^ C([0, T]; ^(K 2 )), 

Y := {/ G L 2 (0, T; H\R 2 ))\d t f G L 2 (0, T; L 2 (R 2 ))} ^ C([0, T]; L 2 (M 2 )), 
the previous regularities of ( u,v,9 ) imply 

(u, v) G C([0, T]; H\R 2 )) and 9 G C([0, T]\ L 2 (R 2 )). 

To complete the proof of the existence, we still need to show the regularities that 
9 G L°°(0, T; L°°(R 2 )) and Vu G L 1 (0, T; L°°(M 2 )). Note that (j3.37jl implies that 
there is a subsequence, still denoted by (u £ ,v £ ,9 £ ), such that 

(9 e , Vu £ ) — y ( 9 , Vu), a.e. in M 2 x (0, T ). 

Thanks to the above pointwise convergence, and recalling (I3.33p . it follows that 
||^IU«>(Rax(o,r)) = sup lim \ 9 e (x,t)\ < S(T), 

(x,t)m 2 x(0,T) £ ^° 

for every T > 0. Furthermore, by the Fatou lemma, we have 
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< / lim sup | t) \dt = / lim || \/u F \\r^dt 


1 0 £->0a;GR 2 

r-T 


! 0 £—>-0 


< lim f llVw^Hoofit < S(T) 
£—>-0 J 0 


for every T > 0. Therefore, ( u,v,9) has the regularities stated in Theorem 11.11 This 
completes the proof of the existence part of Theorem 11.11 □ 

4. Uniqueness of solutions 

In this section, we give the proof of the uniqueness of strong solutions. Here we 


adopt an idea that was introduce in [ 20 f] and 22 


(4.1) 

(4.2) 


Proof of the uniqueness part of Theorem ] 1.11 Let (■ u^v^Oi ), i — 1,2, be two 
strong solutions to system (jl . 1 jl — (jl,4j) . with the same initial data (u 0 ,v 0 ,9 0 ). Denote 

0 , v, 6) = (tti - u 2 , V\ - v 2 , 6 l - 0 2 ), 

and define the functions 

(£,??, 0 = (/-A )~ l (u,v,0), 
in other words, (C, ? 7 , C) is fl ie unique solution to 

(C - A C, v — A 77 , C — AC) = (w, v, 9), (C, 77 , C) ->■ 0 , as \x\ ->■ cx). 

Then (u, v, 6) satisfies the system 

d t u — A u + Vp = —div (wi ® u + u ® u 2 + v\ <$} v + v <g) v 2 ), 
div u = 0 , 

d t v — Av + S/9 = —div (i?i ® u + v ® u 2 ) — (iq ■ V)u — (v ■ V)m 2 , (4.3) 

d t 9 = -div ( Ul 6 + u0 2 ) - div v. (4.4) 

Recalling that 

(u, v, 6) G L 2 (0, T ; H\R 2 )), (d t u, d t v, d t 9) G L 2 (0, T; L 2 (M 2 )), 

we have 

(C, V: 0 e T 2 ( 0 ,T;i/ 3 (M 2 )), (dtZAvAC) e L 2 ( 0 ,T;i/ 2 (M 2 )). 

Applying the operator (/ — A )^ 1 to equation (14.ip yields 

<9 t C - AC + Vp = -(/ - A)~ x div (ui <g) u + u (8) w 2 + ui < 8 > v + v® v 2 ), 

where p = (/ — A)~ 1 p. Taking the L 2 (M 2 ) product to the above equation with C~ AC, 

and noticing that divC = 0, then it follows from integration by parts, the Holder, 
Ladyzhenskaya and Young inequalities that 

1 d 


2 dt 


M2 + IIVCII2) + IIVCII2+ IIACII2 
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/ (ui ® u + u ® u 2 + iq ® v + v <g) v 2 ) : V£dx 

J R 2 


< J [(M + M)(|C| + \m + (M + \vMv\ + |Aq|)]| V£\dx 

<(||ui||4+||«2||4)(||e||4||Ve|| 2 +||Ae|| 2 ||Ve|| 4 ) 

+ (IKIl4 + lhl|4)(||^||4||Ve|| 2 + ||Ar7|| 2 ||Ve||4) 

<c(ii«iii4 + ii« 2 || 4 )(iieiiliiveii! + iiAeiiliiveii!) 

+ c , (ll' t; 1 || 4 + ll'HUXIIqllf ||Vq||f ||V£|| 2 +1| a?7|| 2 || a^iiiii v^ni) 

<c f (ll«i||t + ll^ 2 |lt + IMIt + IMItXllveil! + neill + Mi) 

+ i(l|Ae||I + l|ve||l+ IIA77II1+ HVrylll). (4.5) 


Applying the operator (/ — A) -1 to equation (14.3|) yields 

d t r] — Aq + VC = — (/ — A) -1 [<4i v (iq <g) u + v <g) u 2 ) + (iq • V)m — (v ■ V)w 2 ]. 

Taking the L 2 (M 2 ) inner product to the above equations with (J — A)q, then it follows 
from integration by parts that 


+ ll^lll + IIVi?ll 


— / {[div (zq ® u + v <g) u 2 ) + (vi ■ V)w 
Jr 2 

— (v ■ V)w 2 ] • V + VC • (q — Aq)}cLc 

/ [(iq <S> u + v <S> u 2 ) : Vq + div zqw • q + (iq • V)q • u 

J R 2 

— (n • Vu 2 ) • q + VC • Aq — VC • rj\dx 



< / (2|iq||u||Vq| + |u 2 |M|Vq| + |Viq||u||q| 


+ | Vn 2 | |n| |q| + | VC| | Aq| + |VC||q|)cfo. 


(4.6) 


We estimate the quantities on the right-hand side of (14.61) as follows. By the Holder, 
Ladyzhenskaya and Young inequalities, we have 



<2|M| 4 (||AC|| 2 ||Vq|| 4 + ||C|| 4 || Vq|| 2 ) + 2||« 2 || 4 (||Aq|| 2 ||Vq|| 4 + ||q|| 4 || Vq|| 2 ) 
<C||tq||4(||AC|| 2 ||Vq|||||Aq||| + ||C||| II VC||I II Vq|| 2 ) 
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+ ciwmiAr, III ||V, III + IMIIIIV.JIII) 

<T(||Af||| + IIA'dl! + IIV^III + HVflll) + C(IR 1 |ltl|V> ? |||+ 

+ IKKKK + IKKllv^||i + IKKih|||) 

<4||(Af, At,, V„, V0II1 + CUM, «2)IIIII(Vi,,f, I ,)||i. 

By the Holder, Ladyzhenskaya, Gagliardo-Nirenberg and Young inequality, one has 
/ (\Vvi\\u\\r]\ + \Vu2\\v\\ri\)dx 

J R 2 

< f [|Vvi|(|A^| + |^|)|77| + |V«2|(|A7;| + H)H]da; 

Jr 2 

<iiv^ii 2 (iiAeii 2 |i^iu + mwmu ) +11 v xt 2 11 2 (11A7711 2 117711 oo + imid 

<q|Vu 1 || 2 (||Ae|| 2 ||r/||I||A/ 7 ||I + llelllllVellllhlllllVr/III) 

+ C*11Vr/ 2 11 2 (11A 77 11 2 11?711 2 II Ar/HI + ||'/ 7 || 2 || V? 7 || 2 ) 

~^H(A^’ A ? 7 , V^, V? 7 ) ||| + C(1 + ||(Vui, Vit 2 ) ||f) || (? 7 , £)lli> 

and 

[ (|VCI|A»,| + IVCMDdx < L||Ai)||! + C(||V<||2 + ll^lll). 

Jr 2 to 

Substituting the previous three inequalities into (14.61) yields 

“(I|Vt,||1 + N© + \\A V \\1 + IIVtjIII 

<i||(Af,A I? ,Vf,Vi))||| + C(l + IIM,«2)||| 

+ ||(V ! > 1 ,V« 2 )|®||(V I ,,VC,e>))ll|. (4.7) 


Applying the operator (/ — A) 1 to equation (I4.5|) yields 
d t ( — —(I — A) _1 div (ui& + u9 2 + v). 

Taking the L 2 (M 2 ) inner product to the above equation with (/ — A)£, it follows from 
integration by parts that 

A(||VCK + IICIIl) = Jjv 1 » + + v) ■ VC dx. 

Integration by parts yields 

[ Ul 6-V(dx= [ u 1 ((-A()-V(dx = [ diuAC ■ V(dx < HVmlUlVCHl. 
Jr 2 Jr 2 Jr 2 
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By the Holder and Cauchy inequalities, we have 


[ (u6 2 + v)- V(dx< [ [(|Af| + |f|)|0 2 | + |Ar/| + |? 7 |]|VC|dx 
Jr 2 Jr 2 

^gll(A£, Aif)||| + C(l + ||&Ol(VC,f,irillt. 

Therefore, one obtains 

~ll(VC,C)i<i||(ACA t ,)i + C(l + ||9 2 ||L + l|V tI1 |U)||(VC,f,.))|II (4.8) 

Summing inequalities (14.51) . (14.71) and (14.8j) up, and using the Ladyzhenskaya in¬ 
equality, one has 

^iiK.^oiiy + iKvc.v^voiiy 

<(! + INlL + UVuilloo + \\(u 1 ,u 2 ,v 1 ,v 2 )\\i + II (V« 2 , Vvi) III) || (^, 77, C) lllfi 
<(! + INI lo + UVuilloo + ||(mi,«2,Vi,U2)|||||(Vui, Vu 2 , Vui, Vv 2 )||| 

+ ||(Vu 2 ,Vu 1 )||^)||(e, 77,011^, 


from which, recalling the regularities of the strong solutions in Theorem 11.11 and 
applying the Gronwall inequality, the conclusion follows. □ 
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